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Introduction and literature review Many fluids in commercial applications are polymeric liquids exhibiting strong viscoelastic behaviour. Nowadays, extruded materials include metals, ceramics, polymers, paints, coatings and food products. Much research has focused attention on low-pressure, high-flow extrusion processes in an effort to better understand and prevent interfacial instabilities, optimise productivity and increase profit. Such processes encompass various physical phenomena such as mass transfer through the interface, interfacial and capillary hydrodynamics, and evaporation of volatile matter from the free-surface.
The die-swell problem naturally introduces free-surface modelling, provocative transient evolution states, material rheology and influence of compressibility. In spite of a variety of industrial applications, modelling compressible free-surface flows itself remains a numerical challenge, largely due to the physical phenomena involved and the associated computational cost. For example, the free-surface of the jet introduces mixedtype boundary conditions on the flow. Various slip (velocity) conditions may be pertinent on the tube wall, while the jet itself supports traction (or stress) boundary conditions. This local and sudden change in the type of boundary conditions will generate a singular stress field, accompanied with steep velocity gradients. There are many approaches to treat free-surface computations, such as the volume of fluid technique (VOF), marker and cell method (MAC) and the arbitrary Lagrangian Eulerian (ALE) scheme. The ALE-scheme is our preferred choice as this allows for beneficial properties to be introduced with moving meshes. Aside from material rheology and modelling considerations, most studies have assumed incompressible flow and unyielded material through Newtonian or power-law representation. A yield stress response may be accommodated through the Bingham model, or with inelastic effects, through the Herschel-Bulkley (HB) model
To date, the extrusion problem has attracted much interest within the literature, with early observations for polymeric fluids noting that the extrudate often has a diameter several times that of the die. Huang and White [1] provided extensive original experimental data. The effects of surface tension and inertia have also been investigated by Omodei [2] for Newtonian extrudate swell, whilst Crochet and Keunings [3] discussed viscoelastic extrudate swell. Moreover, Beverly and Tanner [4] analysed the effects of yield stress on extrudate swell in a tube, and found that yield stress inclusion reduced the degree of swell. Mitsoulis and coworkers [5] studied entry and exit flows of Bingham fluids, observing the presence of unyielded regions within the flow.
Compressibility is a further issue of relevance, affecting common applications of liquid impact, injection moulding with polymer melts, and petroleum recovery in the oil industry. Yet, the compressible-viscoelastic domain remains relatively uncharted in the literature. Of particular interest here, Georgiou [6] has addressed non-Newtonian inelastic (Carreau) fluid modelling for compressible flows, expressing interest in slip effects at the wall, relevant to time-dependent Poiseuille flow and extrudate-swell. Agassant and co-workers [7] have examined the numerical simulation of isothermal transient pipe-flow of waxy crude, utilising a weaklycompressible Bingham fluid. Furthermore, the computational analysis of compressible viscous flow at low Mach number was covered extensively by Webster and co-workers [8] , for confined flow domains. Subsequently, their work was extended to accommodate compressible viscoelastic properties, considering flow regimes of low to vanishing Mach number (Ma) [9] .
Governing equations
The relevant governing equations are those for conservation of mass and momentum transport. For compressible Newtonian fluid flow under isothermal conditions, these equations may be expressed in nondimensional form as:
where field variables are ρ , u, τ , p, for density, velocity, stress and pressure, respectively. In addition, 0 0
Re U ρ µ = ℓ represents the conventional dimensionless Reynolds number. Stress is related to field kinematics through a constitutive law, which is defined for compressible Newtonian fluids as:
where µ is the viscosity (constant or function of shear-rate, see on), ij δ is the Kronecker delta tensor, † 2d u u = ∇ + ∇ is the rate of deformation tensor (here, superscript † denotes tensor transpose), and the 2/3 term vanishes under incompressible assumptions. Beyond this basis, some additional equations are necessary (see below), relating to free-surface computation, material modelling and fluid compressibility considerations.
Compressibility considerations:
Under compressible flow considerations to relate density to pressure, one may consider the modified twoparameter (B,m) Tait equation of state [10] . This equation is applicable for isentropic changes and wellsuited to materials as polymer melts and solutions. Thus,
where, set reference levels are selected as 0.0 
where ( , ) x t c is the derived speed of sound, expressed as a distribution over space x and time t. Such dependencies have influence upon transient evolution, yet one notes that both pressure and density temporal change will vanish at steady-state.
Free-surface considerations:
Under the design of the extrusion flow problem, no-slip boundary conditions are assumed along the tube wall, followed by free kinematic conditions on the free-surface. This setting generates a singular stress field at the die-exit, which represents a severe challenge to deriving a numerical solution with a degree of local precision, alongside the complexity of determining a precise free-surface position and jet shape. On the freesurface, three conditions must to be satisfied: (i) zero normal velocity; (ii) zero or prescribed shear-stress; and (iii) zero or prescribed normal stress. In the location of free-surface over an axisymmetric extrusion, one may appeal to the well-know evolving free-surface equation based on impermeable surface assumptions:
where ( , ) , Fig. 1 ). A radial mesh adjustment evolution through an ALE-technique is performed based on the free-surface equation.
Material modelling considerations:
Through the rheology of some fluids, a so-called 'yield stress, τ 0 ' is exhibited (first introduced by Bingham [11] ), which governs the transition from solid-like to liquid-like response. These viscoplastic Newtonian fluids develop stagnant regions, where the material does not deform in a plastic manner due to elastic resistance from the microstructure. It is the presence of yielded and unyielded regions across the domain, which provides the intrinsic discontinuity within the model. To overcome this deficiency, several modifications have been proposed. In particular, Papanastasiou [12] analysed the steady, two-dimensional flow of Bingham fluids based on a modified constitutive relation, applicable to both yielded and unyielded regions. Subsequently, Abdali et al. [5] studied extrusion flows of Bingham fluids, to observe unyielded regions that shrink with increasing shear-rate.
To allow for a degree of deviation from Newtonian behaviour, a power-law model (known as the Ostwald-de Waele model) was introduced. Under this representation, shear-thinning or pseudo-plastic behaviour is observed for n less than unity, and n larger than unity corresponds to shear-thickening or dilatants fluid behaviour. The model collapses to the usual Newtonian state for n = 1. Other variants of this model have emerged, such as, a truncated power-law, which avoids unbounded viscosity at zero shear-rate; a Carreau model which allows the fluid to behave in a Newtonian fashion at low shear-rates and as a powerlaw fluid at high shear-rates; a Cross model describes shear-thinning behaviour of polymers and is wellsuited to describe injection moulding situations. Unfortunately, power-law models do not incorporate representation of yield stress behaviour.
Further rheological richness in approximation, incorporating either shear-thinning or thickening (powerlaw) and a yield stress (Bingham model), has been provided through the generalised Herschel-Bulkley (HB) model. The flow response of many materials such as colloidal suspensions, plastics, propellants, doughs, and drilling fluids has been investigated under HB-model representation, enabling a trace of microstructural changes during processing. From a mathematical standpoint, the discontinuous surface defined by the yield condition, τ = τ 0 , introduces several numerical complications besides the presence of numerical singularity at low shear-rates. To meet this position, Mitsoulis [13] proposed a modified-HB model by successfully combining the original HB and Papanastasiou models. As such, this is the preferred route to adopt in the present study also.
Flow Equations
For non-Newtonian fluids, the viscosity η is considered as a nonlinear function of the second invariant ( ) d Π of the rate-of-strain tensor ( ) ij d , which modifies the expression (3) accordingly. A Bingham plastic material remains rigid when the shear-stress is below the yield stress τ 0 , but flows like a Newtonian fluid when the shear-stress exceeds τ 0 . This may be expressed through the following rheological statements:
Depending on the fluid employed, a value of yield stress τ 0 must be selected so that an appropriate range of shear-rate is covered. In addition, at vanishing shear-rate, the apparent viscosity in equation (7) becomes infinite, leading to discontinuity as explained above. Papanastasiou [12] proposed a modified Bingham model to address this position, by introducing a regularisation stress growth exponent (m) to control the rateof-rise in stress. This m-exponent should be sufficiently large to approximate the ideal model without causing further numerical convergence difficulties. The resulting modified Bingham model takes the form:
Other rheological derivations to accommodate shear-thinning/shear-thickening characteristics with no yield stress, may be considered through power-law representation. Fluids of this type, originally proposed by de Waele-Ostwald, may be expressed as
where k is the consistency parameter (or Bingham viscosity), with higher k-values exhibiting more viscous fluid characteristics. Shear-thinning is gathered for n less than unity, whilst shear-thickening is observed for n greater than unity.
It is the Herschel-Bulkley model that incorporates both a yield stress through Bingham-type formulation and shear-thinning/thickening behaviour through power-law functionality. In order to address the shortcoming of infinite apparent viscosity at vanishing shear-rates, as observed under the PapanastasiouBingham model, Alexandrou et al. [14] introduced the modified Herschel-Bulkley model, viz: 
Numerical Discretisation
A time fractional-staged Taylor-Galerkin incremental pressure-correction (TGPC) framework is considered. The first phase involves a Taylor-Galerkin scheme, expounded through a predictor-corrector doublet (Lax-Wendroff ) for velocity and stress, which initially calculates predicted velocity field U n+1/2 , prior to computing a non-divergence-free velocity field U*. The second phase is a pressure-correction scheme that ensures second-order accuracy in time. A third phase is a correction step recapturing the velocity field U n+1 at the end-of-time step loop. By implementing a semi-implicit Crack-Nicolson treatment for diffusion terms, a semi-discrete incremental form of the TGPC scheme may be derived. Finite element spatial discretisation based on triangular elements is employed based on a quadratic interpolation for velocity and linear interpolation for pressure. For density, two approximation types are available: of linear type as with pressure, or piecewise-constant interpolation, with recovered density gradients, over an element (as in [8] ). Furthermore, stability of the scheme is enhanced by appealing to a semi-implicit alternative. The discretised equation for compressible flow may be expressed in fully-discrete matrix form (see [8, 9] for matrices and parameters definitions), via TGPC-stages1-3, viz,.
Stage 1a:
( )
Stage 1b:
Stage 2:
Stage 3:
Note, the momentum equations for compressible and incompressible flows are practically identical, bar variation in density, whilst differences appear under the continuity equation (stage 2). The incompressible variant emerges, when density is constant throughout the domain and the speed of sound approaches infinity.
Numerical results and discussion
This TGPC scheme is employed for solving the free-surface flow problem through an axisymmetric dieswell extrusion device. Our goal is to simulate the flow of compressible foam-like materials modelled through a Herschel-Bulkley representation. We are also interested in the dynamic evolution of the freesurface in reaching a steady-state. To achieve this goal, we start by analysing an incompressible Newtonian fluid and then systematically introduce further complexity through inertia, compressibility, generalised Newtonian and Herschel-Bulkley representation. For the die-swell design, the capillary radius is held constant (unity) and taking advantage of geometric symmetry, only half of the die-swell domain is analysed. Mesh discretisation, applied boundary conditions and die-swell dimensions are provided in Fig. 1 and Fig. 2 . 
Newtonian case

Effect of die-swell design and mesh consistency analysis:
Initially, the effect of mesh refinement, extrudate length and capillary length on the swelling ratio are analysed under incompressible creeping Newtonian flow assumptions. Three die-swell designs/discretisations, producing three level of mesh refinement are considered, as shown in Fig. 2 . The die diameter is fixed to unity in all cases, whilst various combinations of swelling and die-lengths are considered. 
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The development of swelling ratio in time at station t=5.0 and steady-state along the die-swell length for each proposed refinement is depicted in Fig. 3 . During the transient development, one observes a common maximum swelling at the same location followed by different swelling ratio steps in the jet, being larger with longer jet-lengths. Once a steady development is achieved, this proves independent of the level of refinement employed, where the swelling height reaches the ratio of 1.13 (as theoretically suggested, [15] ). Note that more computation time is necessary for longer jet-lengths. Findings also demonstrate that the transient pressure response on the wall is achieved instantaneously, following a linear development trend in pressure-drop, proving greater for longer die-lengths. The kinematics differ according to the mesh employed, influenced by the evolving free-surface. At steady state, pressure and velocity findings are independent of mesh and design employed. The longitudinal velocity reaches a plateau along the free-surface just beyond the transition at the die-exit. A localised negative pressure zone just beyond the die-exit is clearly exposed in Fig. 4 , whilst a relatively constant longitudinal velocity is also observed in the swelling region. 
Effect of inertia:
A generally accepted finding is that under incompressible assumptions, the jet swelling reduces as inertia (Re) increases, see Georgiou and co-workers [16] . This is clearly illustrated in Fig. 5 , when based on mesh M2-4, we detect two distinct regions: below Re=7.5, there is expansion through jet swelling (χ>1), whilst, above this Re-level, we observe compression of the jet (χ<1), reaching a plateau of χ=0.91 at larger levels of Re>40. Worthy of mentioning here, Bird et al. [15] have reported that for Newtonian fluids, die-swell ratios range from 0.89 at large Re to 1.13 at small Re for laminar flows, hence supporting current predictions. Further findings show that there is no evidence of any major difference in transient jet-shape at large Re-levels, whilst minor evolution disturbance is observed for Re=10.0, lying close to the neutral swelling ratio level (χ≈1). Moreover, there is a clear evidence of pressure-drop reduction as Re-increases. .55), the free-surface shape and extrudate swell-ratio are insignificantly affected by the three proposed die-swell designs and mesh refinements. This fact was also highlighted by Georgiou [17] . This is mainly due to the imposition of no-slip boundary conditions on the channel wall, see the recent work of Mitsoulis [18] for various wall-slip conditions. Findings based on density contours illustrated in Fig. 6 clearly demonstrate the decompression zone just at the exit of the channel (zoomed plot) at the same location as negative pressure (density and pressure are strongly related variables), whilst we observe a slightly compressed exit section to the jet, insufficient to alter the shape (and ratio) of the free-surface. Detailed analysis of various slip conditions is the subject of a future companion study to this work. 
Inelastic power-law representation
Effect of power-index (n):
The variation of swelling ratio with power-index is depicted in Fig. 7 , under a consistency-index of unity (k=1.0). Here, a longer channel length (M4-6) is selected to allow for the full development of the velocity profile from its parabolic inlet state. The general trend is that die-swell increases with the increase of power-law index n, except in the range 0<n<0.2, where a slight contraction or negative swell is observed. As such, extreme shear-thinning produces no swelling. For shear-thickening results, there is about 20% swelling for n=1.5. Note, that for n=1.0, we retrieve the Newtonian swelling ratio of 13%, and over a wide range of n-values our finding are in good agreement with those of Mitsoulis [18] . We monitor variation of pressure-drop against power index n through analysis of the exit correction index n ex parameter [18] as illustrated in Fig. 8 . Here, and by definition n ex = (∆P-∆P 0 )/2τ w,0 , , where ∆P is the pressure-drop between entry and exit points, ∆P 0 is the pressure-drop in fully-developed channel flow without the extrudate swell region and τ w,0 is the wall shear-stress in such a fully developed flow. The n ex index reaches its peak-value near n=0.8. It decreases otherwise for nonzero values of power index n, reaching a theoretical zero limit as n 0 (as plug flow with no pressure loss, extreme shear-thinning flow). Furthermore, these results concur well with those of Mitsoulis [18] , providing further confidence in the degree of precision achieved. 
Effect of consistency-index (k):
Based on a power index of n=0.9, the transient swelling evolution is analysed as a function of the consistency index k (k=0.1, k=0.25 and k=1.0), for which findings are exposed in Fig. 9 , at t=20.0, t=60.0 and steady-state. With lower k-values (less viscous fluid), larger swelling emerges at early time-stages and continues to expand along the jet-length in contrast to larger k-values (more viscous fluid). At steady-state, independent of the k-level employed, a unique swelling ratio is attained for this level of power index (n=0.9). This fact remains valid for other levels of shear-thinning material, likewise. 
Viscoplasticity-Bingham yield stress
In this set of results when based on the modified Bingham model (of Papanastasiou), we analyse the effect of yield stress on the flow. The response of swelling-ratio (χ) against the Bingham number is shown in Fig. 10 , under a consistency-index (or Bingham viscosity) of unity. We observe a substantial decrease of swelling for levels of yield stress above 0.1, whilst there is a sustained plateau in swelling for Bn below 0.01. These predicted results agree closely with the comparable data supplied in Mitsoulis [18] . In Fig. 11 , we observe a pressure-drop increase with increased yield stress. The increase is more pronounce for Bn>0.1 (doubling pressure level between Bn=0.1 and 2), whilst, pressure remains relatively constant over the low Bn-range (Bn<0.01). On the contrary, negative pressure at the singularity zone moves from a plateau-like level for Bn<0.1, to rapidly decay afterward (about five times reduced between Bn=0.1 and 2). In fact, under Bingham modelling, the variation of swelling against level of yield stress (Bn) demonstrates a similar trend in development to the pressure at the singularity, with a plateau level for Bn<0.1 (see Fig. 10 ). 
Herschel-Bulkley modelling
Swelling under the HB-model is governed by variation under two parameters, through the combination of power-law model (power-law index n) and Bingham model (yield stress τ 0 ). Transient development at three stations (t=1.0, t=20.0 and steady) in longitudinal velocity (Vz) and pressure (P) is depicted in Fig. 12 . At steady-state, the swelling under n=0.9 and τ 0 =0.1 reaches a level of χ=1.1, as already observed under powerlaw modelling (see Fig. 7 ). This position is not affected by the yield stress level as was the case under the Bingham model representation over this plateau range of Bn-value (see Fig. 10 Steady-state shear-rate and viscosity contour plots for n=0.9 and two levels of Bn=10 -3 and 10 -1 are depicted in Fig. 13 . During the transient development, we observe an emergence of a strip of large level of viscosity at die-exit which advances along and through the domain at early times whilst the kinematics are evolving. This zone eventually returns back just before the free-surface is settled (reaching the steady-state) with the emergence of a new thin zone of large viscosity at the channel core, as shown in Fig. 13 . The shearrate contours are similar for both levels of yield stress, whilst there is a clear increase in the maximum viscosity attained at larger yield stress level applied. 
Conclusion
The die-swell benchmark problem is introduced in this study to analyse its prominent features. The problem naturally introduces free-surface modelling, sharp separation point at the die-exit, provocative transient evolution states, material rheology and influence of compressibility.
Numerical results are presented based on various forms of material modelling for steady and transient flow situations under incompressible and compressible assumptions, with findings validated against recent published data. Initially, unyielded material is considered through Newtonian and power-law assumptions. Further complication is then introduced through the Bingham model, where fluid yield stress is taken into account. Subsequently, by combining inelastic behaviour with yield stress presence, a more rheological generalisation is built via the Herschel-Bulkley model. Focus is placed on the effect these variations with regard to the jet shape dynamic evolution and the free-surface location.
The study demonstrated that extrudate swell is unaltered by compressibility considerations under no-slip wall conditions. However, it is expected that this position will be altered under slip-wall settings. The swelling is observed to decline with decrease in power-law index. With increase in inertia level, extrudate swell decreases before finally reaching a plateau at high Reynolds number, in agreement with experimental results. Swelling also decreases with rise in yield stress levels. Therefore, die-swell behaviour remains difficult to predict, a priori, under the combination of these parameters within the compressible HerschelBulkley model.
Further challenges posed to the present study will involve various choices of boundary and driving conditions. In addition, the current viscoplastic material characterisation will be elevated from its generalised Herschel-Bulkley (HB) model, to a novel visco-elasto-plastic material modelling, permitting a direct comparison across regimes for compressible representation, ranging from viscoplastic, to viscoelastic, to visco-elasto-plastic alternatives.
